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ABSTRACT 
We give the best possible bound from below in the Loewner ordering for the Hadamard 
product A o B in terms of a multiple of A when A is positive semidefinite nonzero and B is 
positive definite. 
1. INTRODUCTION 
In recent years, the Hadamard (elementwise) product of matrices has attracted 
growing interest among mathematicians. We refer the reader to the excellent 
survey paper [l] for further information. 
In the present note, we shall add one minor result to the theory of the Hadamard 
product of Hermitian matrices. 
We denote by o the Hadamard product, and by k and > the Loewner ordering, 
i.e., we write A >- B if and only if A - B is positive semidefinite, A > B if and only 
if A - B is positive definite. In this paper, e will denote the column vector with all 
coordinates equal to one, and J will denote the matrix with all entries equal to one. 
We shall use the basic result of Schur: 
AtO, BkO =+ AoBtO. (1) 
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2. RESULT 
THEOREM. Let A ? 0, B + 0. Then 
’ A AoBk-. 
eTB-l e (2) 
The coeficient l/e’B-‘e is the best possiblefunction of B in the following sense: 
for A k 0, B > 0, A # 0 denote by c(A, B) the least upper bound (supremum) of 
all real numbers <for which A o B > [A. Then 
1 
- = A$‘~+,&% B). eTB-‘e _ , 
In addition, 
1 
- = inin<(A, B) 
eTB-‘e - 
and 
(3) 
(4) 
(3 
where Xei, means the smallest (real) eigenvalue. 
PROOF. Observe first that if A k- 0, 
ifB+O,then 
B J 
J (eTB-‘e)J > ’ ” 
since the Schur complement of B in this matrix is zero. By (l), 
AoB 
I (eT~-!e)~-l > 
k 0. 
It follows that the Schur complement of the lower right corner block in this matrix 
is positive semidefinite: 
AoB- &At00 (6) 
In the mentioned notation, 
--& I cX4 B) for all A k- 0. 
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By continuity, (6) holds for A >- 0 as well, so that 
for A k 0, A # 0. (7) 
For E satisfying 0 < E < n, define P(E) = (1 - e/n).Z + EZ and B(E) = P(E) o B. 
Clearly P(E) k- 0, B(E) + 0, and 
B(e)= (1 -E) B+ediagB, 
diag B denoting the diagonal matrix in B. 
Let us show that 
<(P(E), B) = sup {c : I k ~P’/‘(E)B-‘(E)P’/~(E)} (8) 
where P’/2(~) means the positive definite square root of P(c). 
Indeed, I k CC* holds (for appropriate sizes of Z) if and only if Z k C*C. 
Applying this to 
C = <1/2P”2(~)B-1’2(~), Z t ~P’12(~)B-‘(~)P112(~) 
is equivalent to 
Z k cB-‘/2(~)P(~)B-1/2(~), 
i.e. to 
P(E) o B k <P(E). 
Notice that the right-hand side of (8) is equal to X-‘(E), where X(E) is the maximum 
eigenvalue of P1/2(~)B-1(~)~1/2(~). Furthermore, 
A(E) 2 
eTP’12(~)B-‘(&)P’12(&)e 
eTe 9 
and since P(&)e = ne, we have P’i2(E)e = ,/iie and 
X(E) 2 eTB-‘(&)e. 
Altogether, by (7), 
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Taking e + 0, we obtain equality in (3) and (4). Finally, (5) is an immediate 
consequence of (4). ??
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